In this paper we deal with a recently introduced multi-dimensional concept of Poissonian pair correlations. In particular, we investigate Faure sequences and Halton sequences -two multi-dimensional classes of sequences with excellent distribution properties -and we are able to show that both classes do not have the property of Poissonian pair correlations. The proofs rely on a general auxiliary tool which identifies specific regularities of a sequence to be a sufficient condition for not having Poissonian pair correlations.
Introduction
Let · denote the distance to the nearest integer. A sequence (x n ) n≥0 of real numbers in the unit interval [0, 1) has Poissonian pair correlations if
for every real number s ≥ 0 as n → ∞. Although the concept of Poissonian pair correlations has its origin in quantum mechanics (see e.g. [1] and the references therein), in the last few years it has also been studied from a pure mathematical point of view by a variety of authors. This has been done both in terms of metrical results as well as for concrete sequences. An introduction to this topic and a collection of results is provided by [11] .
For example, it is known that any sequence (x n ) n≥0 in [0, 1) which has Poissonian pair correlations is also uniformly distributed modulo 1, i.e.
for all 0 ≤ a < b ≤ 1 (see e.g. [4] ). However, the converse is not true since for many explicit examples of classical low discrepancy sequences, such as the Kronecker sequence ({nα}) n≥0 , the van der Corput sequence and certain digital (t, 1)-sequences in base p ≥ 2, it has been shown that they do not have Poissonian pair correlations (see e.g. [10] ). A generalization of Poissonian pair correlations to a multi-dimensional setting has recently been established in [6] . Therefore, let · ∞ denote the supremum-norm of a d-dimensional vector, d ≥ 2, i.e. for x = (x (1) , . . . ,
x ∞ := max( x (1) , . . . , x (d) ).
A d-dimensional sequence (x n ) n≥0 ∈ [0, 1) d has Poissonian pair correlations if
for every real number s ≥ 0 as N → ∞.
In analogy to the one-dimensional case it could be shown that sequences with this property are uniformly distributed in [0, 1) d . Among other results, the authors for example prove that the d-dimensional Kronecker sequence ({nα}) n≥0 does not have Poissonian pair correlations for any α ∈ R d . Naturally, the question arises whether also the multi-dimensional analogues of the other well-distributed one-dimensional point sequences do have Poissonian pair correlations or not. A widely used class of low-discrepancy sequences for example are (t, d)-sequences, with t being called quality parameter and d denoting the dimension of the sequence.
Definition 1 For a given d ≥ 1, and integers
)-sequence in base p if for all integers m > t and k ≥ 0 the point set (x n ) kp m ≤n<(k+1)p m has the property that any elementary interval of order m − t, that is any interval of the form
A typical way to construct (t, d)-sequences is the digital method:
n ), by generating the j-th coordinate of the n-th point, x (j) n , as follows. We represent n = n 0 + n 1 p + n 2 p 2 + . . . in base p and set [2, 15] and the references therein.
It is a non-trivial task to find or construct matrices satisfying the quite strict condition on their rank structure. One famous example of generating matrices of digital (0, d)-sequences was given by Faure [3] .
Definition 3 (Faure sequences) Let p be a prime. For a ∈ {0, 1, . . . , p − 1} the a-th Pascal matrix in base p is defined as
is considered to be 0 whenever j < i. Then the digital method in Definition 2 based on the matrices P (0), . . . , P (p−1) generates the Faure sequence in base p, which is well-known as an example of a digital (0, p)-sequence over F p .
Note that for any a ∈ {0, 1, . . . , p−1}, P (a) is an upper right triangular matrix with 1s in the diagonal, P (0) is the identity matrix and, therefore, the component generated by P (0) is identical to the van der Corput sequence in base p. For the special case of Faure sequences, using the explicit form of the generating matrices and some of its specific properties, we analyze the pair correlation function and obtain our first main result. Other multi-dimensional point sequences which are of wide interest and which can be seen as the extension of the van der Corput sequence to higher dimensions are Halton sequences [5] .
Definition 4 (Halton sequence)
d whose elements are given by
Again, see e.g. [2] for more details. The question whether Halton sequences have Poissonian pair correlations was posed in [6] and also stated as Problem 5 in [11] , although it was suggested that this is most likely not the case. It turns out that this conjecture indeed is true. Of course, it typically is expected that multi-dimensional versions of sequences have similar qualities as their one-dimensional analogues. However, it should be mentioned that an exceptional behavior of Halton sequences has been observed for the instance of the L p -discrepancy for p < ∞. Recently, Levin [12] proved that higherdimensional Halton sequences have optimal order of L p -discrepancy even though the one-dimensional van der Corput sequence does not satisfy optimal L p -discrepancy bounds (see e.g. [16] ).
The rest of the paper is organized as follows. Section 2 contains the proofs of the main results Theorem 1 and Theorem 2. At the beginning of this section a general auxiliary tool is introduced in Proposition 1 which then is applied to both, the Faure and the Halton sequences. Finally, the last Section 3 gives an outlook to future research tasks and discusses a problem in algebraic number theory and Diophantine approximation that occurred during the investigation of the Halton sequences.
Proofs
The proofs of Theorems 1 and 2 both rely on the same rather general approach. Since Poissonian pair correlations can be seen as local quality criterion for a sequence (x n ) n≥0 to be uniformly distributed, one might suggest that deterministically generated sequences which show a certain degree of regularity do not have this property. In fact, this is the statement of the following proposition, which serves as one of our key auxiliary tools as it provides a sufficient condition such that sequences do not have Poissonian pair correlations.
If there exists a strictly increasing sequence of positive integers
for all k larger than some index k 0 and where a, b, c > 0 are real constants which satisfy
then (x n ) n≥0 does not have Poissonian pair correlations.
Proof. To begin with, assume that (x n ) n≥0 has Poissonian pair correlations. We use this property for s = b and obtain
Therefore, for any
For sufficiently large N k we can use the assumptions (1) and obtain
by the property of Poissonian pair correlations for s = a. Again this implies that for any ε 2 > 0 there is an index k(ε 2 ) such that for all k > k(ε 2 ) it holds that
By assumption (2), there exists κ > 0 such that
However, if ε 1 and ε 2 are chosen such that ε 1 + ε 2 < κ and provided that N k is sufficiently large we have
which yields the desired contradiction to our assumption that (x n ) n≥0 has Poissonian pair correlations.
In the light of Proposition 1, the key ingredient for proving that Faure sequences and Halton sequences do not have Poissonian pair correlations therefore is to find enough pairs of points, for which the distance between those points can be suitably well calculated and lies in a certain interval.
Application to the Faure sequence
To begin with, let us deduce some further properties of the Pascal matrices that will be important later on. A very helpful tool is the Lucas-Theorem which states that for any prime number p we have Furthermore, for positive integers m and ℓ we denote by P m×ℓ (a) the upper left (m × ℓ) submatrix of P (a). We have the following properties:
Lemma 1 Let p be a prime and let P (a) denote the a-th Pascal matrix in base p, with a ∈ {1, . . . , p − 1}.
Let ℓ ∈ N, then
Proof. For the proof of the first statement, let 0 ≤ m, n < p
Using the Lucas-Theorem and the fact that
The second statement also follows by the Lucas-Theorem, since it can be used to see that Proof of Theorem 1. Let (x n ) n≥0 denote the Faure sequence in base p which has generating matrices P (0), P (1), . . . , P (p − 1). Let ℓ be a positive integer, set k := p ℓ , and m := pk. Consider the first N k = 2p pk = 2p m points of (x n ) n≥0 . Since (x n ) n≥0 is a (0, p)-sequence in base p, the elements (x n ) 0≤n<p m as well as the elements (x l ) p m ≤l<N k form a (0, m, p)-net, i.e. each elementary interval with sides of length p −k in each coordinate contains exactly two of the first N k points of (x n ) n≥0 .
The idea of the proof is the following: As first step, we aim for a precise specification of the points x n and x l which are in the same elementary interval in terms of the digit expansion of n and l. Secondly, this observation can be used to exactly calculate the distance x n − x l ∞ between those elements. Finally, we will use this information to show that, for the sequence (N k ) k∈N , the assumptions of Proposition 1 are fulfilled and (x n ) n≥0 thus does not have Poissonian pair correlations.
We begin by identifying the integer n, 0 ≤ n < p m , with the vector n ∈ Z m+1 p whose entries are the p-adic digits of n, i.e. for n = n 0 + n 1 p + · · · + n m−1 p m−1 , we have n = (n 0 , n 1 , . . . , n m−1 , 0) ⊤ . Similarly, for l,
Note that, since the Pascal matrices are upper right triangular matrices, for the generation of the first N k points of (x n ) n≥0 it suffices to consider the (m + 1 × m + 1) upper left submatrices of the generating matrices. Then, for all i ∈ {1, . . . , p} let
. . .
According to the digital method in Definition 2, the points x n and x l lie in the same elementary interval with sides of length p −k in each coordinate if and only if for every i ∈ {1, . . . , p} it holds that y
k . Using the special properties of the Pascal matrices which we obtained in Lemma 1, this is equivalent to solving the following system of linear equations:
where D ∈ F m×m p is the (m × m) matrix whose rows consist of the rows of each upper left (k × m) submatrix of P (i − 1), i ∈ {1, . . . , p}, i.e. using the first item of Lemma 1 we have
The vector (f 0 , . . . , f m−1 ) ⊤ consists of the first k entries of the (m + 1)-st column of each matrix P (i − 1), i ∈ {1, . . . , p}, i.e. with the second item of Lemma 1 we have
else.
Since (x n ) n≥0 is a (0, p)-sequence, D is regular and the system of equations has a unique solution. It is easily checked that this solution is given by
Therefore, the points x n and x l with
lie in the same elementary interval of side length p −k in each coordinate.
The next step is to compute x n − x l ∞ . Using (3), the special form of l in (4), and the fact that by the special form of k = p ℓ we have that k j = 1 if j = 0 or j = k and 0 else, it is easily seen that
for all i ∈ {1, . . . , d}. The latter implies
Thus, for each coordinate we have
if y Obviously,
where ξ > 1 is a constant that can be chosen such that both (2b) d − (2a) d < c as well as (5) hold for m large enough. We apply Proposition 1 and have proved that the Faure sequence does not have Poissonian pair correlations for any p ≥ 2.
Application to the Halton sequence
In order to be able to also apply Proposition 1 to Halton sequences, we again need a preliminary result, formulated as Lemma 2 below.
However, this lemma makes use of Minkowski's Theorem (see [13] ) which implies that if C ⊆ R d is a convex set which is symmetric about the origin (i.e., 
The set C is convex and symmetric about the origin with
, we have vol(C) = 2 d+1 m and it follows by Minkowski's Theorem that there exist m different elements z j = (z
Moreover, for those elements it holds that Let u ∈ N and definē
Similar as in the proof of Theorem 1 we define for
0 numbers N k ∈ N and corresponding subintervals I(k), that are of the form
, and study the distances between the points x n that lie in the same subinterval I(k). Now let
By a special regularity of the sequence, which is an easy consequence of the Chinese Remainder Theorem, we have that exactly We set N k := L + M and study
By the choice of τ 1 and τ i we have
and also for j = i,
and b
Hence,
Now consider (6) the first uτ 1 k 1 + u entries except of (uτ 1 k 1 + 1)-th entry of (n + M) b 1 and (n) b 1 coincide. As
we have in the case where
Similarly, for the other coordinates i = 2, . . . , d we obtain in the case where
Next, we want to find constants κ i ≥ 1, i = 2, . . . , d, such that
with f (u) :
is simultaneously fulfilled for infinitely many ( 
Moreover, we consider the sequence ({nα}) n≥0 ∈ [0, 1)
denote an accumulation point of this sequence which exists by Lemma 2.
We want to distinguish two cases: If δ i = 0 we set
and
Note that κ i > 1 if u is large enough. The inequalities (8) are then equivalent to
If δ i = 1 we set
Again, κ i > 1 and (8) is equivalent to
which is fulfilled if
By the fact that (δ 2 , . . . , δ d ) is an accumulation point of ({nα}) n≥0 with α = (log β 2 (β 1 ), . . . , log β d (β 1 )), conditions (9) and (10), respectively, are fulfilled simultaneously for each i = 2, . . . , d for infinitely many k 1 . Since k i ≥ 0 for all i = 2, . . . , d, we know that there are also infinitely many N k such that (7) is fulfilled.
We can now use this important estimate to deduce that 1 b
for all i = 2, . . . , d and u large enough. This can be seen since
where in the last step we used that (1 − 1/b
As next step, we want to establish suitable bounds for x n − x n+M ∞ in order to be able to apply Proposition 1, i.e. we want to show that there exist a and b such that
Note that
Using the estimate (7) we find that (11) is fulfilled if we choose
Hence we have shown that
Since this is the case for exactly
L values of n and each pair has to be counted twice in the pair correlation function, we obtain
In order to apply Proposition 1 it therefore has to hold that 
Discussion and Further Research
Theorem 1 of the present paper only deals with a very specific class of (t, s)-sequences. As a consequence of this result, of course a further research question is, whether more general (t, s)-sequences, as for example Niederreiter sequences [14] or more generally Niederreiter-Xing sequences [18] and their columnwise constructed pendants [7, 8] , do have the property of Poissonian pair correlation or not.
Furthermore, we would like to note an interesting relation of our method of proof to a conjecture in algebraic and transcendental number theory. During the search for a proof of Theorem 2 we faced the problem to simultaneously satisfy the inequalities Note that if 1, log β 2 β 1 , . . . , log β d β 1 were linearly independent over Q then the sequence ({n(log β 2 β 1 , . . . , log β d β 1 )}) n≥0 ∈ [0, 1) d−1 would be uniformly distributed in [0, 1) d−1 . Such a statement would considerably shorten the proof of Theorem 2. Unfortunately, it is not known whether for example the three numbers 1/ log 2, 1/ log 3, 1/ log 5 are linearly independent over Q or not. The algebraic independence of the logarithm of the prime numbers would be one consequence of the so-called Schanuel's conjecture in algebraic and transcendental number theory. We refer the interested reader to [17] for more details on this conjecture and its related problems.
